The interaction of single quantum emitters with an optical cavity [1][2][3][4] enables the realization of efficient spin-photon interfaces, an essential resource for quantum networks [5] . The dynamical control of the spontaneous emission rate of quantum emitters in cavities has important implications in quantum technologies, e.g. for shaping the emitted photons waveform, for generating quantum entanglement, or for driving coherently the optical transition while preventing photon emission. Here we demonstrate the dynamical control of the Purcell enhanced emission of a small ensemble of erbium ions doped into nanoparticles. By embedding the doped nanoparticles into a fully tunable high finesse fiber based optical microcavity, we show that we can tune the cavity on-and out of-resonance by controlling its length with sub-nanometer precision, on a time scale more than two orders of magnitude faster than the natural lifetime of the erbium ions. This allows us to shape in real time the Purcell enhanced emission of the ions and to achieve full control over the emitted photons' waveforms. This capability opens prospects for the realization of efficient nanoscale quantum interfaces between solid-state spins and single telecom photons with controllable waveform, and for the realization of quantum gates between rare-earth ion qubits coupled to an optical cavity [6] . Quantum network nodes should be able to store quantum information for long durations, to process it using local quantum gates between qubits, and to exchange this information with distant nodes, ideally using photons at telecommunication wavelengths, via an efficient spin-photon interface [5] . Several platforms are currently investigated for the realization of quantum nodes, including atoms, trapped ions and solid-state systems [7, 8] . Single atoms or solid-state emitters provide a platform for spin-photon interfaces with quantum processing capabilities [8] . The realization of an efficient spin-photon interface is facilitated by the use of an optical cavity in the Purcell regime [1][2][3][4] which allows channelling the emission from the emitter in the cavity mode, while decreasing the spontaneous emission lifetime. In the presence of dephasing, it also increases the indistinguishability of photons from the emitter. However, a strong reduction of the optical lifetime also reduces the available time to realize quantum gates that rely on dipole-blockade mechanisms achieved by driving the emitter to the excited state [6] . One attractive solution to this problem is to decouple the emitters from the cavity when performing the quantum gates, and coupling it back to emit a single photon at a desired time. The ability to achieve a dynamic modulation of the Purcell factor would there- * These authors contributed equally to this paper fore be a key ingredient to achieve this type of quantum gates in a high efficiency spin-photon interface, as well as an essential tool to shape the emitted single photon waveform. Additionally, the dynamic resonance modulation also enables addressing inhomogeneously broadened ensembles of single emitters as multi-qubit registers.
The interaction of single quantum emitters with an optical cavity [1] [2] [3] [4] enables the realization of efficient spin-photon interfaces, an essential resource for quantum networks [5] . The dynamical control of the spontaneous emission rate of quantum emitters in cavities has important implications in quantum technologies, e.g. for shaping the emitted photons waveform, for generating quantum entanglement, or for driving coherently the optical transition while preventing photon emission. Here we demonstrate the dynamical control of the Purcell enhanced emission of a small ensemble of erbium ions doped into nanoparticles. By embedding the doped nanoparticles into a fully tunable high finesse fiber based optical microcavity, we show that we can tune the cavity on-and out of-resonance by controlling its length with sub-nanometer precision, on a time scale more than two orders of magnitude faster than the natural lifetime of the erbium ions. This allows us to shape in real time the Purcell enhanced emission of the ions and to achieve full control over the emitted photons' waveforms. This capability opens prospects for the realization of efficient nanoscale quantum interfaces between solid-state spins and single telecom photons with controllable waveform, and for the realization of quantum gates between rare-earth ion qubits coupled to an optical cavity [6] . Quantum network nodes should be able to store quantum information for long durations, to process it using local quantum gates between qubits, and to exchange this information with distant nodes, ideally using photons at telecommunication wavelengths, via an efficient spin-photon interface [5] . Several platforms are currently investigated for the realization of quantum nodes, including atoms, trapped ions and solid-state systems [7, 8] . Single atoms or solid-state emitters provide a platform for spin-photon interfaces with quantum processing capabilities [8] . The realization of an efficient spin-photon interface is facilitated by the use of an optical cavity in the Purcell regime [1] [2] [3] [4] which allows channelling the emission from the emitter in the cavity mode, while decreasing the spontaneous emission lifetime. In the presence of dephasing, it also increases the indistinguishability of photons from the emitter. However, a strong reduction of the optical lifetime also reduces the available time to realize quantum gates that rely on dipole-blockade mechanisms achieved by driving the emitter to the excited state [6] . One attractive solution to this problem is to decouple the emitters from the cavity when performing the quantum gates, and coupling it back to emit a single photon at a desired time. The ability to achieve a dynamic modulation of the Purcell factor would there- * These authors contributed equally to this paper fore be a key ingredient to achieve this type of quantum gates in a high efficiency spin-photon interface, as well as an essential tool to shape the emitted single photon waveform. Additionally, the dynamic resonance modulation also enables addressing inhomogeneously broadened ensembles of single emitters as multi-qubit registers.
The control of collective light emission from ensembles of atoms in free space has been demonstrated [9, 10] . Experiments towards the dynamic control of emission of the cavity enhanced spontaneous emission rate have been so far mostly performed with semi-conductor quantum dots featuring short optical and spin coherence time [11, 12] or with Raman schemes with single atoms [13, 14] . Among solid-state materials, rare earth ion-doped (REI) crystals constitute a promising platform for quantum information processing and networking. REI feature exceptional spin coherence time [15] [16] [17] to store information and narrow optical transitions as spin-photon interface, including at telecom wavelength for erbium ions. They have been used as ensemble based quantum memories [18] [19] [20] [21] [22] . REI possess permanent dipole moments with different values in the ground and excited states, which enables strong dipolar interactions between nearby ions, opening the door to the realization of quantum gates between two or more matter qubits, using a dipole blockade mechanism achieved by exciting one ion [6] , e.g. between erbium and another ion species in the context of quantum repeaters [23] .
Recently, rare-earth ions have proven to preserve their coherence properties in nanoparticles [24] [25] [26] . This facilitates their incorporation into micro cavities to reach strong Purcell enhancement, as necessary for the emission of coherent indistinguishable single photons. Also, it provides the necessary confinement required to isolate close-by single ion qubits (of order of 10 nm distance), as required for dipolar quantum gates. Following the first demonstration in free space [27] [28] [29] , REIs coupled to nanophotonic cavities have also recently led to the detection and manipulation of single rare-earth ions [30] [31] [32] [33] .
In this paper, we demonstrate the dynamical control of the Purcell enhanced emission of a small ensemble of erbium ions in a single nanoparticle. This is achieved by inserting the nanopaticles into a fully tunable high finesse fiber microcavity at cryogenic temperature, whose frequency can be tuned at rates more than 100 times faster than the spontaneous emission lifetime of 18.4(7) ms of the ions by physically moving the fiber mirror with sub nanometer precision using a piezoelectric device. This allows us to demonstrate a Purcell factor of 31(2) that can be controlled on a time scale of hundred microseconds. Additionally, we show that we can shape in real time the Purcell enhanced emission of the ions to achieve full control over the emitted photons' waveforms, without perturbing the emitter. Our approach opens the door to a solid-state quantum node with the potential of exhibiting quantum computing and communication capabilities all in a single device.
Coupling the emitters to an on-resonance microcavity increases the spontaneous emission rate by the effective Purcell factor C = LζC 0 = Lζ 3λ 3 4π 2 Q Vm , where λ is the emission wavelength, Q the quality factor of the resonator, V m its mode volume, ζ the branching ratio of the respective transition and L(δ) = (∆/2) 2 δ 2 +(∆/2) 2 is the detuning factor in case the cavity with linewidth ∆ is detuned by δ from the emitter's resonance. Additionally, the collection efficiency of the cavity mode is given by β = ηC/(C + 1) where η is the cavity outcoupling efficiency. Thus, fast and near-unity efficiency readout can be achieved for sufficiently large C and η.
Fiber cavities can achieve high Purcell factors up to 10 4 [34] , provide open access to the cavity mode for optimal overlap between the ions and the cavity field [35] [36] [37] and are small and lightweight enough to offer fast frequency tuning. Nanoparticles are a promising platform to study REI as their small size isolates a mesoscopic ion number, such that the large ratio between the inhomogeneous and homogeneous linewidth can allow one to frequency select single ions [30, 31] . Also, their scattering cross section can be small enough such that integration into high-finesse cavities is possible. In particular, we study Er 3+ :Y 2 O 3 nanoparticles with 200 ppm erbium concentration and an average diameter of 150 nm. Y 2 O 3 is a host that showed to maintain good crystalline quality in the nanoscale allowing long coherence time for dopants like europium [24, 25] and praseodymium [26] . For Er 3+ :Y 2 O 3 , the optical transition 4 I 15/2 − 4 I 13/2 is at FIG. 1. a) Schematic drawing of the tunable fiber-based microcavity. The fiber mirror can be moved in 3D, allowing us to set the length of the cavity and locate a nanoparticle inside the cavity. b) Map of scattering loss introduced by a single nanoparticle when scanning the cavity mode across it. c) The optical setup is described in more details in the SM. In summary, a 1535 nm laser is used to excite the ions and a 790 nm laser to stabilize the length of the cavity. The two lasers are combined using a wavelength division multiplexer (WDM). A set of acousto optic modulators (AOM) are used to create pulses from the CW excitation laser, to route the excitation light to the cavity and the cavity photons to the detector, and to suppress the excitation light to the single photon detector (SPD) by 60 dB (InGaAs, detection efficiency 10 %) during excitation. DM is a 780/1535 nm dichroic mirror, PD are continuous avalanche photo-diodes (APD) for cavity length stabilization and transmission monitoring.
1535 nm with a relatively large branching ratio ζ = 0.21.
Our setup is based on a fast and fully tunable, stable, cryogenic-compatible Fabry-Perot microcavity (see Fig. 1a ). The microcavity is composed of a fiber with a concave structure on the tip, on which a reflective coating is deposited. The other side of the cavity is a planar mirror with the same reflective coating as the fiber, over which the ions are placed after depositing a thin layer of SiO 2 to ensure maximum coupling between the ions and the cavity electric field (see Supplementary Material (SM)). The setup allows to move the fiber around the mirror and localize the nanoparticles, and to set the separation between the fiber and the mirror to form a cavity on resonance with the ions. Nanoparticles are located by scattering loss microscopy [37] [38] [39] . We use a nanoparticle with a radius of 91(1) nm (see Fig. 1b ) adding an intra-cavity loss of 43(2) ppm and containing close to 11, 000 Er 3+ ions in the measured C 2 crystallographic site. The empty cavity has a finesse of 2 × 10 4 , which is reduced to 1.6 × 10 4 in presence of the nanoparticle. For cavities as short as 3.5 µm we can expect a maximal Purcell factor C max = 320, which then reduces to 176 for a cavity length of 6 µm as used in the work presented here.
To ensure the highest Purcell factor, a cavity length stability much smaller than ∆ FWHM = λ 2F ≈ 40 pm is required. We have built a compact and passively stable nano-positioning platform which is robust against the high frequency noise coming from the closed-cycle cryostat such that active stabilization in the low frequency domain, i.e., below 1 kHz, is enough to stabilize the cavity (see SM). We use a second laser at 790 nm to actively stabilize the length of the cavity on an arbitrary point on the transmission fringe. The coating is designed to have a finesse of 2, 000 around 790 nm and such that there is a red mode close by to all 1535 nm resonances for cavity lengths in the 2-20 µm range. We were able to stabilize the cavity to a chosen length with residual fluctuations below 30 pm standard deviation during the whole cycle of the cryostat. For the measurements presented here, the stability however is slightly lower (> 100 pm). The temperature of the sample-mirror was below 7 K.
In order to perform experiments, we use resonant excitation and detection both via the optical fiber (see Fig. 1c ). The probability for a photon emitted in the cavity mode to reach the single photon detector is 2.8 % and the coupling efficiency between the fiber and the cavity mode is calculated to be 55% (see SM for details). The cavity length is set to 6 µm including the field penetration depth (one of the shortest accessible modes). The optical setup is described in Fig.1c .
We first perform resonant cavity spectroscopy of the 4 I 15/2 − 4 I 13/2 transition with an input power (in the input fiber) of 2.4 µW. We excite the ions for 300 µs, then wait for 50 µs to ensure the pulse AOM is completely switched off, and collect light for 5 ms. The inset of Fig. 2 shows the normalized counts in the detection window as a function of the excitation wavelength. We fit it with a Gaussian profile and extract a FWHM linewidth of 15(2) GHz centered at 1535.42 nm.
We then fix the frequency of the laser to be in the center of the line and perform lifetime measurements using the same excitation and detection scheme as before but with at input power of 7 nW. Fig. 2 shows two data sets. Circles correspond to the normalized recorded counts as function of the detection time when the particle is coupled to the cavity. From an exponential decaying fit performed over the whole detection window, we extract a lifetime of τ c =0.53 (2) ms. Crosses correspond to the natural lifetime measured in the same nanoparticle when it is not coupled to the optical cavity (see below for a description of the procedure to extract the natural lifetime). A fit to the data reveals a natural lifetime τ = 18.4 (7) ms which is consistent with an increased excited state lifetime due to the local field suppression in a small nanoparticle [40] . We then calculate the effective Purcell factor C = C 0 ζ = τ /τ c − 1=31(2) which yields C 0 =31(2)/ζ=147(10) with ζ=0.21 the branching ratio of the transition. From these high values of C and C 0 , we estimate the probability for an ion to emit in the cavity mode β = C/(C + 1) = 96.9 %, and the cavity enhanced branching ratio ζ c = ζ(C 0 + 1)/(ζC 0 + 1) = 97.4%.
The measured Purcell factor for the ensemble of ions is almost six times smaller than the expected one. The reduced value can be attributed to dipole moments randomly oriented with respect to the cavity electric field, the finite extension of the particle with respect of the standing wave [36] and the stability of the cavity which was not optimal for this measurement. These effects lead to multi-exponential decay behaviour. A more detailed analysis reveals that components up to four times faster than τ c are present in similar measurements, corresponding to maximal Purcell factors up to C = 150, consistent with the expected value (see SM). The data in Fig. 2 corresponds to photons generated by approximately 80 ions due to power broadening, and by decreasing the input power to 300 pW, a number as low as 10 ions could be detected with a signal-to noise ratio around 5 (see SM). High-fidelity single ion detection could be achieved by using more efficient superconducting nanowire singlephoton detectors. We now explain our strategy to tune the cavity resonance in a time scale faster than the spontaneous lifetime. We use a second laser at 790 nm to stabilize the length of the cavity such that the center of the blue-detuned cavity resonance slope overlaps with the maximum of the 1535 nm ions resonance (see Fig. 3a ). By a fast change of the voltage offset V from V p to V n or vice-versa, and by switching the sign of the feedback action, we can stabilize the cavity to either side of the 790 nm fringe at will (the feedback is off during the transient phase). The voltage is varied as sin 2 ( πt 2S790 ) and the process happens during a time S 790 = 300 µs for our realization. Between the two locking positions, the total fiber displacement is ∆ 790 = λ 2F790 ≈ 600 pm (F 790 ≈ 700, reduced due to the particle losses). This displacement is 12 times larger than ∆ 1535 ≈ 50 pm, such that the detuning between the erbium ions and the 1535 nm cavity is δ = 12∆ 1535 . Using the Lorentzian lineshape of the cavity, one can estimate a maximum reduction of Purcell factor C ∝ L(δ) ≈ 1/570 and for the fluorescence count rate of 1/634 [41] (see SM).
Next, we show the implementation of this technique and how it can be used to extract the natural lifetime τ n of a single nanoparticle while isolating the effect of the cavity from any other lifetime reduction process. We first set the cavity on resonance with the ions (V = V p ) and turn on the excitation laser at 1535 nm for t e = 300 µs (Fig. 3b ). Immediately after, we detune the cavity (V = V n ) and start to collect photons. After a time t d , we set the cavity back on resonance (V = V p ) . Fig. 3c shows the counts as function of time for t d = 5, 16 and 28 ms. As shown in Fig. 3c , the total counts decreases while increasing t d . When ions are decoupled from the cavity, the excited state population decays with the natural lifetime τ n and therefore less ions contribute to the detected signal for longer t d . In order to extract the natural lifetime, we repeat the measurements for t d in a range from 1 -28 ms and calculate the detected number of photons in the [t d -t d + 5] ms time window (crosses in Fig. 2 ).
Finally, we demonstrate that this technique can be operated with a bandwidth high enough to shape the spontaneous emission of the erbium ions. Fig. 3d shows the recorded counts as function of the detection time while the cavity is tuned on (off) resonance for 1 ms (2.5 ms) 5 times. Fig. 3e anf Fig. 3f show a zoom-in of the falling and rising edges. The solid lines are a model using the piezo displacement, S 790 and an effective 1535 nm cavity linewidth to account for cavity instability (see SM). Defining the switching time S 1535 as the time needed to decrease the count rate by a factor of 10, we extract from the model S 1535 = 106 µs (see SM). This value is more than two orders of magnitude shorter than the natural population decay time, and a factor of 5 shorter than the Purcell enhanced decay time τ c of the ionic ensemble. For future experiments with single erbium ions (or with other ions with shorter lifetime), much higher Purcell factors and consequently much shorter τ c will be required. Therefore, much shorter switching times are desirable. Several improvements on our experiments are possible to decrease S 1535 . First, the current measured value is slower than the expected time of 67 µs (see SM), which we attribute to the limited cavity stability. Im-provements on the cavity stability will therefore directly impact S 1535 . Another possibility is to increase the finesse of the cavity at 1535 nm (and therefore decrease ∆ 1535 ), as also required for increasing the Purcell factor. Finally, the switching time S 790 could be decreased by designing a system with higher mechanical eigen frequencies or by iterative learning algorithms to minimize added noise. Altogether, we estimate that values of S 1535 of a few microseconds could be achievable by combining these improvements (see SM).
In conclusion, we have demonstrated the dynamical control of the Purcell enhanced emission of a mesoscopic ensemble of erbium ions confined in a nanoparticle embedded in an open fiber based microcavity. By controlling the position of the fiber mirror, we have shown that we can control the cavity resonance and therefore the Purcell factor at a rate more than 100 times faster than the natural decay rate of the ions with the potential of reaching microseconds switching times. This allowed us to achieve full control on the temporal waveforms of the emitted photons. Combined with single ion addressing, this ability will enable the generation of fully tunable nar-rowband single photons, and quantum processing using single rare-earth ions.
SUPPLEMENTARY MATERIAL: DYNAMIC CONTROL OF PURCELL ENHANCED EMISSION OF ERBIUM IONS IN NANOPARTICLES
Here we discuss aspects relevant to the experiment which have not been addressed in the main text. First, in section I, we present more details of the optical cavity and the optical setup. Then, in section II, we describe the technique we use to localize the nanoparticles and to ensure maximal coupling to the cavity electric field. We calculate the size and estimate the number of erbium ions present in the nanoparticle. In section III we introduce our cavity stabilization mechanism and estimate the cavity stability. Then, in section IV we describe the method we derived to switch the cavity resonance at will, characterize the speed of the switch and finally discuss limitations and possible improvements to decrease switching time. In section V we show measurements of the reduced excited state lifetime and analyze the decay as function of the time window. We present evidence of multi-exponential decay behavior and discuss possible causes. We then identify the fastest and the average Purcell factor. Finally, in the section VI we specify the efficiencies of our setup and discuss the feasibility of our current apparatus to detect a single erbium ion and possibles modifications to reach high fidelity detection.
I. CAVITY AND OPTICAL SETUP
The microcavity is composed of a fiber with a concave structure on the tip on which a reflective coating is fabricated. The other side of the cavity is a planar mirror with the same reflective coating as the fiber. To ensure maximum coupling between the ions and the cavity electric field, we add a SiO 2 layer of 245 nm thickness. The thickness of the layer is chosen such that the maximum of the electric field is 40 nm above the SiO 2 -air interface, where nanoparticles are deposited. The transmission of the fiber is T f = 100 ppm, while for the mirrors T m ≈ 2 × T f due the presence of the SiO 2 spacer thus leading to a maximum finesse of F max ≈ 20, 000 and a total field penetration depth of 2 µm. The radius of curvature of the concave structure is r oc ≈ 50 µm and the depth of the structure is close to p d ≈ 1.5 µm
The optical setup is shown in Fig 1c. It allows us to perform resonance excitation and detection both via the optical fiber. 1535 nm laser is used to excite the ions and 790 nm laser to stabilize the length of the cavity. An acousto-optic modulator (AOM) in a double pass configuration is used to 'pulse' the excitation laser. A single pass AOM operates as excitation/detection 'router'. During excitation, the router AOM is off and the excitation light is directed to the cavity while most of the reflected light is directed back to the same channel. During detection, the router AOM is on and the spontaneous emission from the ions is deflected towards an InGaAs single photon counter (detection efficiency 10 %). A 'filter' double pass AOM after the router is used to add additionally protection (60 dB) to the single photon detector during excitation. A wavelength-division multiplexing (WDM) and dichroic mirrors (DM) both for 780/1535 are used for merging the light directed onto the cavity and to separate the transmitted light. The transmitted light is then directed to continuous APDs (PD) for cavity length stabilization and transmission monitor.
II. LOCALIZING NANOPARTICLES
To localize a nanoparticle, we use scattering loss spectroscopy [1] . While scanning the fiber cavity, we monitor the cavity transmission which is given by
where T f and T m are the transmission losses of the fiber and the mirror, B = 4σ/πw 2 0 the additional losses due scattering introduced by the nanoparticle with w 0 the cavity mode waist and σ the scattering cross section. The latter can be calculated as
where the polarizability of the nanoparticle is given by [2] α = 3 0 V n 2 − n 2 air n 2 + 2n 2 air (SM. 3)
with n and n air the refractive indices of the nanoparticle and surrounding medium, 0 the vacuum dielectric constant, and V = 4/3πr 3 the volume of the nanoparticle. We look for nanoparticles which are big enough to introduce a visible scattering signal, but small enough to maintain the out-coupling efficiency
at a high level, where T out is the out-coupling channel, that is, T f or T m . Fig. 1b (main text) shows a map of the losses that the studied nanoparticle introduces to the cavity at 1535 nm. For T f = T m /2 = 100 ppm, a peak loss B ≈ 43(2) ppm is measured when the nanoparticle is well aligned to the cavity mode. For results presented here, the cavity length is 6 µm, which includes the field penetration depth. For a radius of curvature of the structure of the fiber of 50 µm, we calculate the beam waist w 0 = 2.9 µm. With n = 1.9317 the refractive index of Y 2 O 3 , we infer a nanoparticle radius of 90.5(1.0) nm. Finally, for an erbium doping concentration of 200 ppm, the total number of erbium ions in the crystallographic site of C2 symmetry is close to 11, 000.
III. CAVITY STABILITY
The cavity is placed on a compact and passively stable nano-positioning platform, which is based on the cryogenic cavity design currently commercialized as qlibri cavity platform, and is robust against the high frequency noise coming from the closed-cycle cryostat. In order to stabilize the cavity length at 1535 nm, which is the ion's resonance, we make use of a second stop band at 790 nm. The coating is designed such that for every 1535 nm mode, there is a close by 790 mode for cavity length stabilization for lengths in the 2 to 20 µm range. Fig. SM. 4a shows a transmission scan at 1535 nm and 790 nm while scanning the cavity length by close to 1 µm.
To stabilize the length of the cavity, we fine tune the wavelength of the 790 nm laser such that the maximum of the 1535 nm transmission peak overlaps with the middle of the 790 fringe (see Fig. SM. 4b) . Then, the transmission of the red laser is used to monitor cavity drifts and a feedback is applied to the piezoelectric crystal to keep this signal at a constant level (side of fringe lock). Fig.  SM. 4c shows the transmission of both lasers as function of the time while the feedback system is on for the whole cryostat cycle.
For this particular measurements, the finesse F of the red cavity is 700 and the one of the telecom cavity is 5, 000. We estimate the cavity stability as
where ∆ 790 = λ/2 F is the FWHM of the fringe in units of distance, V pp and V std are the peak-to-peak and the standard deviation of the the voltage measured for the 790 nm fringe.
For future reference, we also compare the average transmission of the 1535 nm fringe with the maximum value. For this measurement, the normalized average transmission is 0.80. We now calculate a peak-to-peak displacement n in units of ∆ 1535 such that the integral over the Lorentzian spectral line matches the average normalized transmission, that is,
From the equation we extract n ≈ 1, corresponding to a peak-to-peak displacement of n × ∆ 1535 = 150 pm. In Fig. SM. 4c , we can identify time intervals which show significantly smaller signal dispersion, this interval corresponds to the quietest part of the cryostat cycle, which is close to 500 ms. Fig. SM. 4d corresponds to a zoom in of 30 milliseconds over which the cavity stability is the highest, for which we measured a cavity stability as defined in SM. 5 of 20 pm.
As seen in this section, our positioner is stable enough to keep the cavity on resonance with the ions during the whole cycle. We note that the cavity stability for the data shown in the main text and in the next sections is twice worse. The reason for that is not a fundamental limitation. The high stability reported in this section was recorded in the first assembly of the positioner, while for the data shown in the next sections the positioner was re assembled several times. A possibility exists that during the subsequent assemblies a component was not optimally placed resulting in a degraded stability.
IV. CAVITY RESONANCE SWITCHING
As discussed in the main text, we switch the cavity resonance by a fast change of a voltage offset on a piezoelectric and by stabilizing the cavity to either side of the 790 nm cavity fringe at will. Between the two sides of the fringe, the total cavity length displacement is ∆ 790 = FWHM 790 . The 1535 nm resonance with linewidth ∆ overlaps with the middle of one side of the 790 nm fringe (see Fig. 3a and description from main text), thus when the cavity is stabilized to the opposite side, erbium ions are detuned from the cavity. Now, we characterize the reduction of the Purcell factor and the countrate during the time the cavity resonance is switched. The Purcell factor as function of the detuning δ from the cavity resonance ∆ is then given by
where L(δ) = (∆/2) 2 δ 2 + (∆/2) 2 , (SM. 8)
is the normalized Lorentzian spectral line of the cavity. The countrate in the cavity mode as function of the time is given by [3] 
where τ n is the natural lifetime, N (t) is the number of ions in the excited state and C(t) is the Purcell factor. The number of ions in the excited state can be calculated as
where N 0 is the number of ions in the excited state before the cavity frequency is shifted. The first term in the exponent of Eq. SM. 10 takes into account the decrease in population due to emission in free space, while the second term doest it in the cavity mode. Eq. SM. 10 only take into account the modification in the density of states and neglects light-matter dynamics [3] . In order to minimize coupling of mechanical noise in the cavity, the detuning as function of time, that is, the voltage applied to the piezoelectric transducer, is given by where S 790 is the switching time between the two locking points.
For this experiment, we use S 790 = 300 µs. Assuming the cavity resonance at 1535 nm is ∆ 1535 = ∆ 790 /12 and a Purcell factor 31, we expect a total reduction of 1/577 in the Purcell factor and 1/634 in the countrate (see Fig. SM. 5a ). Depending on the practical purpose a faster decoupling time might be required, which can be achieved at the expenses of a smaller reduction of the Purcell factor or the countrate. Here we define the switching time S 1535 as the time needed to decrease the countrate by a factor of 10. For ideal parameters, we therefore expect S 1535 = 67 µs. Now, we compare the expected reduction of the Purcell factor and the countrate with the measured values. Fig. 3e and 3f in the main text show the countrate as a function of time at the moment the cavity is detuned offand on-resonance. The solid line is the model defined in Eq. SM. 9. To have a good agreement with the data, we assumed an effective cavity linewidth ∆ 1535 = ∆ 790 /5, thus meaning that the effective total detuning given by ∆ 790 /∆ is close to two times smaller than the expected. The reason for the decreased effective detuning is the cavity stability, which is still not high enough to reach the maximum Purcell factor and the maximum switching time. For these parameters, the maximum reduction of the Purcell factor is 100 and for the countrate is 116. In Fig. 3e , the first vertical line indicates the beginning of the switching and the second is the time at which the countrate is reduced by a factor of 10, giving a S 1535 = 106(10) µs. In Fig. 3f , the second vertical line indicates the end of the switching and the first is the time at which the countrate is a factor of 10 smaller than the maximum, for which the time interval is 120(10) µs.
Here, we see that by the time the cavity is back on resonance, the maximum countrate cannot be reach as pop- In order to reduce further the switching time (assuming the cavity stability is not the limiting factor), one can simply move the piezo faster thus reducing S 790 . However, a faster kick leads to increased residual mechanical noise. Fig. SM. 5b shows the residual noise as function of the switching time S 790 . The residual noise is calculated as the standard deviation of the locking signal in the first 1 ms after the cavity is set on resonance at 1535 nm. As expected, the residual noise increases for a faster switching time S 790 , that is, for faster switching frequency. We estimate the switching frequency as 1/(2 × S 790 ) ≈ 1.6 kHz. The characteristic frequency of the residual noise is between 7 − 10 kHz. We attribute this residual motion to the fiber in the plane perpendicular to the cavity axis. To first order, the cavity length should be robust against the lateral displacement of the fiber. However, a misalignment when placing the fiber in the positioner could lead to strong coupling between them, as confirmed in our experiment. We see that while moving the fiber laterally, the cavity length is shifted, and we estimate the coupling to be in the 20 − 40% range.
In order to increase the switching time S 1535 , we can follow several strategies:
• perform a proper alignment of the fiber in order to minimize the coupling between the vibration modes,
• increase the frequency of all mechanical eigenmodes,
• increase the finesse of the 1535 nm resonance,
• use a faster growing function than sin 2 or implement iterative learning algorithms to shape the signal sent to the piezo to minimize added noise Altogether, we estimate that values of S 1535 in the microsecond scale could be achievable by combing these improvements if the cavity stability issue is addressed.
V. MULTI EXPONENTIAL DECAY
In order to study the presence of a multi exponential behavior in the Purcell enhanced fluorescence decay, we analyze the decay as function of the length of the detection time window. yielding to C max = 150 (13) and C avg = 30 (1) The increase in the lifetime as function of the time window is an indication of multi-exponential decay. The multi-exponential behavior can be attributed to several factors. First, we consider the finite extension of the nanoparticle with respect of the cavity standing wave. Assuming a nanoparticle sitting exactly in the maximum of the standing wave field, ions located far from the center of the nanoparticle will experience a smaller Purcell effect compared to those in the middle. The Purcell factor will be then corrected by sw,d = cos 2 (2π d/λ), (SM. 13) where d is the distance of a particular ion from the center of the nanoparticle. In particular, for the studied nanoparticle with a diameter of 90 nm, the maximum correction is 0.87. By assuming an spherical nanoparticle, we can then estimate an average correction of sw = 0.95. Second, the nanoparticle studied is compounded by several crystalline structures. Each of this structures have erbium ions located in a C2 symmetry crystallographic site thus 6 possibled dipole orientations are possible. The Purcell factor for each ion in the nanoparticle is then corrected by
whereĒ is the cavity electric field. As the number of sub crystalline structures is unknown, we assume no preferential direction ford. For an excitation pulse length of a constant collection efficiency β = 1 as the collection efficiency stays above 90% for a Purcell factor as low as C = 10, and decreases to 1/2 for C = 1. Finally, we consider the fluctuation of the cavity resonance. We don't have a direct characterization for the data shown in Fig. SM. 6 . However, typical normalized average transmission during the time the data was taken were between 0.4 and 0.75 measured for a cavity finesse of 6, 000 (performed with a bigger nanoparticle). Considering a mean value of 0.57, we then extrapolate an average transmission of 0.22 for a cavity with finesse of 16, 000 (as for the data discussed in this section). We then introduce the correction factor disp = 0.22, (SM. 15) which takes into account that the Purcell factor is proportional toĒ 2 . Now, the expected average Purcell factor can be calculated as
where C exp = 176 is the maximum expected Purcell factor (see main text). This value is slightly smaller than the measured one. We attribute the discrepancy to a better cavity stability than the one assumed. In conclusions, by analyzing the Purcell factor at different time windows, we have seen that components as fast as τ c,max = 0.12(2) ms are present in the detected signal. These ions experienced a Purcell factor of C max = 150 (13) , which is close to the expected maximum value of C exp = 176. In case the cavity stability issue is addressed, ions in the center of the nanoparticle and with the dipole moment aligned to the cavity electric field could be in principle isolated yielding to an up to five times higher signal to noise ratio, a level at which single ion detection would be feasible in our setup (see 'Number of detected ions' section for a discussion of the signal to noise ratio).
VI. NUMBER OF DETECTED IONS
The probability p det to detect a photon generated in the cavity mode is given by
where η out is the probability of the photon leaving trough the fiber as defined in Eq. SM. 4, η mm is the mode matching between the fiber and the cavity mode [4] , η col is the collection path efficiency, η det is the detector efficiency and η g is the proportion of the single photon in the detection time window. For our cavity, η out = 0.25 when detecting via fiber and when the particle is aligned to the cavity mode, η mm is calculated to be 0.60, η col is measured to be 0.3, η det = 0.1, and η g = 0.63 for a detection time window Number of photons generated in the cavity mode as a function of the excitation power before the cavity. Excitation pulse length is 500 µs. The inset shows the detection window [0 − τc], with τc = 0.7 µs.
where τ c is the lifetime of the emitter under Purcell enhancement. All together then results in p det = 0.28%. Fig. SM. 7 shows a measurements of the number of photons generated in the cavity as a function of the excitation input power at the input of the cavity. For an input power of 7 nW as in Fig. 2 (main text) , the detected signal corresponds to 40 intra cavity photons generated by 80 ions (an ion is excited with almost 50% probability, see Eq. SM. 20). For the first data point of Fig. SM. 7 with input power of 330 pW, the detected signal corresponds to 5 intra cavity photons generated by 10 ions.
In order to detect a single ion, we need to compare the probability of detecting a photon p det with the probability of detecting noise in the same time window t det . We define the signal to noise ratio as S/N = p det p n , (SM. 18) where p n is the background probability in the detection window t det , in our case mostly due to the dark-count rate of the single photon detector (10 Hz). We then calculate S/N = p det τ c × 1 10 Hz = 0.5. (SM. 19) This means that the number of photons that must be generated in the cavity to achieve a S/N = 1 is equal 2. The probability p gen for an ion to emit a single photon in the cavity is indeed given by p gen = p exc × χ cav × β ≈ 0.47, (SM. 20)
where p exc is the excitation probability (0.5 since we excite incoherently). We therefore need to detect the fluorescence from four ions to achieve a S/N = 1, which is currently not sufficient to reach high-fidelity detection of a single ion.
Several solutions can be implemented to increase the signal in order to detect a single ion. First, with the use of a superconducting nanowire single photon detector, which are specified to have detection efficiencies of close to 80% (efficiency of our current detector is 10%). With this detector, the sensitivity could be increased by at least a factor of 8, thus single photon detection would be already possible with no extra modification to the setup. In case the cavity stability is improved, ions that emit photons at a rate which is up to five times faster than the average can be in principle addressed (see 'Multi exponential decay' section), leading to an additional factor of 5 in the signal to noise ratio. In addition, in our current cavity most of the light is emitted on the planar mirror side (T m = 2T f ). Future cavities with higher reflective mirrors will significantly increase the escape efficiency through the fiber. Even more, new mirrors will also lead to significantly higher cavity finesse and therefore increased Purcell enhancement. By increasing the reflectivity of the mirror in order to have a finesse of 40, 000, we expect that the cavity improvements will lead to a detection sensitivity improved by a factor 4. We can therefore expect an increase in detection sensitivity by a factor 120 compared to the current sensitivity, which should allow us to reach high fidelity single photon detection.
